Let R be a commutative Noetherian ring, Φ a system of ideals of R, a ∈ Φ, M an arbitrary R-module and t a non-negative integer. Let S be a Melkersson subcategory of R-modules. Among other things, we prove that if
Introduction
Throughout this paper R is a commutative Noetherian ring with non-zero identity and a an ideal of R. For an R-module M , the i th local cohomology module M with respect to ideal a is defined as H i a (M ) ∼ = lim − → n Ext i R (R/a n , M ).
There are some generalizations of the theory of ordinary local cohomology modules. The following is introduced by Bijan-Zadeh in [10] .
Let Φ be a non-empty set of ideals of R. We call Φ a system of ideals of R if, whenever a 1 , a 2 ∈ Φ, then there is an ideal b ∈ Φ such that b ⊆ a 1 a 2 . For such a system, for every R-module M , one can define Γ Φ (M ) = { x ∈ M | ax = 0 for some a ∈ Φ}.
Then Γ Φ (−) is a functor from C (R) to itself (where C (R) denotes the category of all Rmodules and all R-homomorphisms). The functor Γ Φ (−) is additive, covariant, R-linear and left exact. In [11] , Γ Φ (−) is denoted by L Φ (−) and is called the "general local cohomology functor with respect to Φ". For each i ≥ 0, the i-th right derived functor of Γ Φ (−) is denoted by H i Φ (−). The functor H i Φ (−) and lim − → a∈Φ H i a (−) (from C (R) to itself) are naturally equivalent (see [10] ). For an ideal a of R, if Φ = {a n |n ∈ N 0 }, then the functor H i Φ (−) coincides with the ordinary local cohomology functor H i a (−). It is shown that, the study of torsion theory over R is equivalent to study the general local cohomology theory (see [11] ). It is easy to see that the above definition of system of ideals and general local cohomology modules is equivalent to the [12, Definition 2.1.10 and Notation 2.2.2]. General local cohomology modules was studied by several authors in [10, 11, 15, 4, 1, 2, 12] . 
where k is an integer and M an arbitrary R-module. Then the following statements are equivalent: or finitely generated and t a positive integer. Then the following conditions are equivalent:
and all a ∈ Φ; when R is a semi-local ring these conditions are also equivalent to:
As an application of Corollary 1.3, we prove the following theorem: 
In Example 3.7, we show that implication (iii) ⇔ (iv) of Corollary 1.3 is not true in general.
In Corollary 3.8, we show that the vanishing of H i Φ (M ) for all i < t (for all i ≥ 0) is equivalent to the vanishing of H i a (M ) for all i < t (for all i ≥ 0) and all a ∈ Φ. Using this vanishing result in Corollary 3.9, we prove the following equality:
In Section 4, we get some applications of theorems 2.1 and 2.9. Then for non-negative integers s and t, we find some sufficient conditions for validity of the isomorphism:
As a consequence, we prove the following corollary:
We close the paper with the example 4.10 that shows, for a local ring (R, m) and a finitely generated
is not necessarily finite. Even though we can show some of our results by using spectral sequences, we are avoiding the use of this technique completely in this work and we provide more elementary proofs for the results.
Throughout this paper, R will always be a commutative Noetherian ring with non-zero identity, Φ a system of ideals of R and a will be an ideal of R. We denote {p ∈ Spec R : p ⊇ a} by V (a). As a convention we consider dim 0 = −1. For any unexplained notation and terminology we refer the reader to [12] , [18] and [13] .
Lower bounds of general local cohomology
Recall that a Serre subcategory S of the category of R-modules is a subclass of R-modules such that for any short exact sequence
the module X is in S if and only if X ′ and X ′′ are in S. In other words, it is closed under taking submodules, quotients and extensions.
We begin the paper with a useful theorem that is a generalization of [7, Theorem 2.1].
Theorem 2.1. Let M be an arbitrary R-module, S a Serre subcategory and N be a Φ-torsion
Proof. We prove the result by induction on t. The case t = 0 is clear, because if t = 0 then, we obtain for all i > 0, the isomorphisms,
From the above isomorphisms for all 0 ≤ i ≤ t − 1 we have,
which is in S by assumptions. Thus, from the induction hypothesis on L,
Corollary 2.3. Let M be an arbitrary R-module, S a Serre subcategory and N be a finite a-
Proof. The result follows by Theorem 2.1 and [21,
Corollary 2.4. Let M be an arbitrary R-module, S a Serre subcategory and N be a finite a-
The second author of present paper and Melkersson in [6, Definition 2.1] defined Melkersson subcategory with respect to an ideal as follows: The following two corollaries are our first main results of this paper.
Corollary 2.6. Let M be an arbitrary R-module, S a Melkersson subcategory with respect to the any ideal a ∈ Φ and N be a finitely generated R-module with 
The following theorem is a generalization of [7, Theorem 2.3].
Theorem 2.9. Let N be a Φ-torsion R-module, M be an arbitrary R-module, S a Serre subcategory of R-modules and s, t be non-negative integers such that
Proof. We prove by induction on t. Let t = 0 and set M = M/Γ Φ (M ). By hypothesis (iii)
we obtain the long exact sequence
is the injective hull of M . By applying the derived functors Γ Φ (−) and Hom R (N, −) on the short exact sequence
the proof sufficiently similar to that of Theorem 2.1 to be omitted. We leave the proof to the reader.
The following corollary is a generalization of [7, Corollary 2.4]. 
is an integer and M an arbitrary R-module. Let t be a non-negative integer such that
Proof. By a similar proof of Proposition 2.11, we can show that Γ Φ (M ) ∈ S. Now it follows from Proposition 2.11 that H 1 Φ (M ) ∈ S. By keeping this process we have H i Φ (M ) ∈ S for all i < t. The following result is one of the main results of this paper. Corollary 2.14. Let S be the class of all R-modules N with dim R N ≤ k, where k is an integer, and M an arbitrary R-module. Then the following statements are equivalent: The following corollary that is one of our main results, shows that the Artinianness of general local cohomology at initial points is not necessarily equivalent to the Artinianness of its ordinary local cohomology in general and it needs some more conditions. Corollary 3.4. Let M be an a-ET H-cofinite R-module for all ideal a ∈ Φ or finitely generated and t a positive integer. Then the following statements are equivalent:
is Artinian R-module for all i < t (for all i ≥ 0) and all a ∈ Φ; when R is a semi-local ring these conditions are also equivalent to: 
The following example shows that in Corollary 3.4 the Artinianness of H i a (M ) for all a ∈ Φ and i < t for a non-negative integer t or for all i ≥ 0, may not be equivalent to the Artinianness of general local cohomology module H i Φ (M ) for all i < t or for all i ≥ 0. Then, it is easy to see that Φ is a system of ideals of R and Ψ ⊆ Φ. By [18, Theorem 18.8] ,
the minimal injective resolution of R has the form
Applying the functor Γ Φ (−) to the above injective resolution, we can deduce that
is Artinian for all a ∈ Φ and all i ≥ 0.
The following corollary shows unlike the Artinianness, vanishing of general local cohomology modules in initial points is equivalent to the vanishing of its ordinary local cohomology. Proof. Take k = −1 in Corollary 2.14.
The following corollary shows that union of supports of general local cohomology modules at initial points i < t is equal to union of supports of its all ordinary local cohomology modules at initial points i < t while for each non-negative integer i,
Corollary 3.9. Let M be an be an arbitrary R-module and t be a non-negative integer. Then
Proof. By Corollary 3.8, we have
, as we desired.
Some applications and identities
As applicatios of Theorems 2.1 and 2.9, we can state 
Proof. Follows by Theorems 2.1 and 2.9.
The following Corollary is a generalization of [7, Theorem 2.8]. 
Proof. Easily shown with Theorems 2.1 and 2.9.
In the following theorem, for non-negative integers s and t, we find some sufficient conditions for validity of the isomorphism Ext s+t R (N, M ) ∼ = Ext s R (N, H t Φ (M )). It is a generalization of [7, Theorem 3.5] . Theorem 4.4 . Let N be a Φ-torsion and finitely generated R-module. Let M be an arbitrary R-module and s, t be non-negative integers. Assume also as follows:
Proof. We prove by using induction on t. Let t = 0. We have
from hypothesis (iii) and (i), and Theorem 2.1 with S = {0}. Now, the assertion follows by the exact sequence
obtained from the short exact sequence
Assume that t > 0 and that t − 1 is settled. By considering the short exact sequence
the rest of proof is similar to that of Theorem 2.1.
The following corollary is a generalization of [7, Corollary 3.8]. Proof. Note that by Theorem 4.4, Ext s+t
Corollary 4.6. Let M be an arbitrary R-module and N be a finitely generated a-torsion R- 
Proof. Put s = 0 in Corollary 4.6. a (M )) is finite. We close this paper with the following example. It shows that the similar result is not true for the local cohomology modules with respect to a system of ideals or with respect to an specialization closed subset. , for n = 2, i = 1 and X = R, there is the following exact sequence
By localizing this exact sequence at every p with ht R p = 1, we get H 1 m (R) p = 0 = H 2 m (R) p and H 
